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Abstract
During the last 10 years there have been several new results on the representation of real poly-
nomials, positive on some semi-algebraic subset of Rn. These results started with a solution of the
moment problem by Schmüdgen for compact semi-algebraic sets. Later, Wörmann realized that the
same results could be obtained by the so-called “Kadison–Dubois” Representation Theorem.
The aim of our paper is to present this representation theorem together with its history, and to discuss
its implication to the representation of positive polynomials.Also recent improvements of both topics
by T. Jacobi and the author will be included.
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1. The real representation theorem
Roughly speaking, the purpose of a representation theorem very often is, to start with
a well-known mathematical structure, generalize (axiomatize) it and try to ‘represent’ the
generalized structures in terms of the old one.
In our case, the ring that we assume to be well-known is the ring C(X,R) of continuous
real-valued functions on a compact Hausdorff space X. This ring carries a natural partial
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order given by
f g iff f (x)g(x) for all x ∈ X.
Thus the set
T0 = {f ∈ C(X,R)|f 0 on X}
is a preordering of the ring C = C(X,R), i.e., T0 satisﬁes the conditions
T0 + T0 ⊂ T0, T0 · T0 ⊂ T0, C2T0 ⊂ T0, −1 /∈ T0.
We then consider arbitrary commutative rings A with 1, together with a preordering
T ⊂ A, and look for ring homomorphisms
 : A→ C(X,R)
preserving 1 and satisfying (T ) ⊂ T0. Such a ring homomorphism will be called a ‘real
representation’. Of course, we are looking for a real representation that tells us as much as
possible about A. Thus, in particular, we are interested in the following questions:
(i) how does (A) relate to C(X,R), and
(ii) how does T relate to T := −1(T0)?
Note that T is a preordering of A containing T.
The ﬁrst result concerning real representations was a ‘characterization’ of rings of con-
tinuous real-valued functions on a compact Hausdorff space by Stone [19]:
Theorem (Stone [19]). Let A be a commutative ring containing Q and being preordered
by T. Then (A, T ) is isomorphic to (C(X,R), T0) for some compact Hausdorff space X, if
and only if
(1) T ∩ −T = {0};
(2) T is archimedean, i.e., for every a ∈ A there exists n ∈ N such that n− a ∈ T ;
(3) a + 1
n
∈ T for all n1 implies a ∈ T ;
(4) A is complete with respect to the norm deﬁned by‖a‖ := inf{r ∈ Q | r + a ∈
T and r − a ∈ T }.
Note that by (2), ‖a‖ is a semi-norm, and by (3) and (1) it is actually a norm (i.e. ‖a‖=0
implies a = 0).
The compact space X remains somehow hidden in Stone’s paper [19]. We shall later see
that this space has a clear algebraic interpretation.
In 1951, Kadison [11] reproved Stone’s characterization, assuming in addition that A is
an R-algebra. In this case he was able to identify the space X. Kadison also noted1 that
T need not necessarily satisfy A2 ⊂ T , but only 1 ∈ T . Such sets have been later called
inﬁnite preprimes.
1 Actually, Kadison attributes this observation to M. Stone.
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In 1967, Dubois [7] reproved Stone’s theorem for arbitrary commutative rings A (i.e. not
assumingQ ⊂ A). As in Stone’s work, the space X remains unidentiﬁed.
In 1983, ﬁnally, Becker and Schwartz [1] proved the following
Real Representation Theorem. Let A be a commutative ring with 1, and T ⊂ A an
archimedean preordering of A. Then there exists a compact Hausdorff space X and a real
representation  : A→ C(X,R), satisfying
(i) (A) is dense in C(X,R) with respect to the maximum norm on C(X,R), and
(ii) T is “dense” in T=−1(T0) in the sense that for all a ∈ A: a ∈ T implies na+1 ∈ T
for all n ∈ N.
The space X was explicitly constructed by Becker and Schwartz.
Independently of this development, and completely undiscovered by the ‘real’ world,
in 1964 J.L. Krivine had already proved this general representation theorem [12,13]. We
indicate here his approach, in particular his construction of the space X.
In order to detect the elements of the space X, let us restrict the functions of C(X,R) to
one point x0 ∈ X. This yields a homomorphism
x0 : A −→ RC({x0},R).
Now the preimage P := −1x0 (T0) is a preordering of A satisfying in addition:
(a) P ∪ −P = A,
(b) P ∩ −P is a prime ideal of A, and
(c) P is maximal with these properties.
In later notations (see [5]) this means that P is an element of the maximal real spectrum
SpermaxA, the elements of SperA being those preorderings that satisfy in addition (a) and
(b).
Given a preordering T of A the space we are looking for will then be
XT = {P ∈ SpermaxA|T ⊂ P }
endowed with the coarsest topology making all sets {P ∈ XT |a ∈ P } with a ∈ A closed.
In case T is archimedean (i.e., for every a ∈ A there exists n ∈ N such that n− a ∈ T ),
for every P ∈ XT the canonical homomorphism
P : A −→ A/P ∩ −P =: A¯
yields an archimedean ordering on the quotient ﬁeld of A¯. Thus, we actually get a homo-
morphism
P : A −→ R
with −1P (R
2)= P (for more details see [15]). XT then is a compact Hausdorff space and
the evaluation map
aˆ : XT −→ R
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deﬁned by aˆ(P ) := P (a) is continuous. Thus we get the (canonical) real representation
T : A −→ C(XT ,R)
by mapping a ∈ A to aˆ. Clearly, T (T ) ⊂ T0.
The property (i) of the real representation theorem is just provided by the “Weierstrass
Approximation Theorem”, while (ii) is obtained as follows:
One ﬁrst observes that (ii) is equivalent to
(ii′) aˆ > 0 on XT implies a ∈ T .
Next, by a simple application of Zorn’s lemma, one obtains the so-called Abstract Posi-
tivstellensatz, stating that aˆ > 0 on XT implies
ta= 1+ t1
for some t, t1 ∈ T . In fact, T a ∩ 1+ T = ∅ would imply that
−1 /∈ T − T a := T1.
Hence T1 is a preordering and may be thus extended to a maximal one, say P. From the
maximality it is easy to prove that (a) and (b) hold for P (see [15]). Hence −a ∈ P and
P ∈ XT . But then aˆ could not be positive on XT .
The main step in the proof is then a “descent” argument. For simplicity we may assume
thatQ ⊂ A. Thus, T is stable under multiplication with positive rationals.
By the archimedean property of T we ﬁndm, l ∈ N such that l− t , a+m ∈ T . We shall
descend from m to smaller and smaller rationals  such that a +  ∈ T . In fact, assuming
a + r
l
∈ T with r ∈ N, we get a + ( r
l
− 1
l
) ∈ T by the following identity:
l2a + (rl− l)= (l − t)(la+ r)+ l(ta− 1)+ tr ∈ T .
Hence, starting with  = m = ml/l and iterating the process ml times, we ﬁnally obtain
a ∈ T .
2. Strictly positive polynomials
The crucial condition in the real representation theorem is the archimedeanity of the
preordering T. In case A is a Banach algebra, it is easily seen (cf. [12]) that
‖a‖ − a ∈ A2.
Thus a is bounded by some n ∈ N, i.e., n−a ∈ T . If wework, however, with the polynomial
algebra
A= R[X] = R[X1, . . . , Xn],
archimedeanity of T usually is difﬁcult to prove.
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Let T be ﬁnitely generated, say by t1, . . . , tr ∈ R[X]. Then, as a set,
T (t) :=
∑
∈{0,1}r
t
1
1 · · · trr A2,
where A2 denotes the set of sums of squares from A.
The elements of T are non-negative on the (basic closed) semi-algebraic set
W(t) := {a ∈ Rn|t1(a)0, . . . , tr (a)0}.
If T (t) is archimedean, then for some N ∈ N, N −∑ni=1X2i is in T and hence W(t)
is contained in the ball of radius
√
N , thus is necessarily bounded. Moreover, if T (t)
is archimedean, it is not difﬁcult to show that XT (t) is homeomorphic to W(t) with the
topology induced from Rn.
As we know today, boundedness of W(t) is even sufﬁcient for T (t) to be archimedean.
Although the proof for this implication is quite elementary, it took a while to ﬁnd it.
For linear polynomials t1, . . . , tr already Krivine observed in [12] that in the special case
of W(t) being an n-dimensional cube, T (t) is archimedean. For a convex polyhedron (i.e.
t1, . . . , tr linear) containing an inner point, in 1984 Cassier [6] and in 1988 Handelman [8]
proved that T (t) is archimedean.
Finally, in 1991, Schmüdgen [17] showed that T (t) is archimedean whenever W(t) is
bounded, by proving ﬁrst that for bounded W = W(t) the so-called W-Moment Problem
is solvable2 and deducing from this result that every polynomial f, strictly positive onW,
belongs to T (t). Thus for g ∈ R[X] and N ∈ N large enough, the polynomial N − g
belongs to T (t), showing therefore that T (t) is archimedean.
The solutionof theW(t)-MomentProblemheremeans that every linear formL : R[X] →
R that is non-negative on T (t) is obtained by integration with respect to a non-negative
Borel measure supported byW(t). It should be mentioned that this was already proved by
Krivine [12] under the assumption of T (t) being archimedean. Thus, a direct proof of the
archimedeanity of T (t) for boundedW(t) was highly desirable. In his thesis, Wörmann [4]
gave the following elementary proof.
First observe that by induction on the degree of a polynomial, it sufﬁces to prove that the
coordinate functions are T (t)-bounded, i.e.
N ±Xi ∈ T (t) (1 in)
for some N ∈ N. This, however, already follows from
(∗) f0 := N −
n∑
i=1
X2i ∈ T (t)
2 The one-dimensional case (i.e., n= 1) was already settled in [3], and the extension of this solution to higher
dimension was conjectured in the survey paper [2]. For recent results about theW-moment problem for unbounded
W we refer to [18] and the references therein.
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using the identity
(N + 14 )±Xi = ( 12 ±Xi)2 + f0 +
∑
j =i
X2j ∈ T (t).
In order to show (∗), we shall ﬁrst use the ‘Abstract Positivstellensatz’ from above saying
that every a ∈ A that is strictly positive on XT satisﬁes an identity t ′′a = 1 + t ′ for some
t ′, t ′′ ∈ T . In our situation, we would like to apply this to the polynomial f0=N−∑ni=1X2i
where N ∈ N is chosen so large that f0> 0 onW(t). We are then done by the implication
(∗∗) f0> 0 on W(t) ⇒ f0> 0 on XT (t).
This implication is the crucial step in the proof presented here. As we shall see, it is a
consequence of the so-called ‘Artin–Lang homomorphism theorem’.
(∗∗) is in fact true for arbitrary polynomials f replacing f0 and does not depend on the
boundedness ofW(t).
Let us assume that there is P ∈ XT (t) such that f0 ∈ −P . By the canonical homomor-
phism
P : A→ A/P ∩ −P =: A¯
we ﬁnd an ordering P¯ on A¯ with P¯ ∩ −P¯ = {0¯} and −f¯0, t¯1, . . . , t¯r ∈ P¯ . This ordering
canonically extends to F = Quot A¯. Thus A¯ = R[X¯1, . . . , X¯n] is a ﬁnitely generated sub-
algebra of the ordered ﬁeld extension F/R. By Corollary 3.2, Chapter XI of Lang [14]
there is a homomorphism  from A¯ to R such that (−f¯0),(t¯1), . . . ,(t¯r )0. If we set
ai = (X¯i), we therefore obtain a = (a1, . . . , an) ∈ Rn such that
f0(a)0 t1(a), . . . , tr (a),
a contradiction.
Returning to the proof of (∗), let t ′, t ′′ ∈ T (t) be such that t ′′f0 = 1+ t ′. This implies
(1+ t ′)f0 = t ′′f 20 ∈ T (t).
Deﬁning T0 := T + f0T , we therefore ﬁnd (1 + t ′)T0 ⊂ T (t). Picking N ′ ∈ N with
N ′ − t ′ ∈ T0 (recall that T0 is archimedean) and observing that
f0 + t ′N = f0 + t ′f0 + t ′X2i ∈ T (t),
we obtain
(1+N ′)(N ′ − t ′)= (1+ t ′)(N ′ − t ′)+ (N ′ − t ′)2 ∈ T (t).
From this follows N ′ − t ′ ∈ T (t) (since (N ′ + 1)−1 ∈ T (t)).
Finally we get
N(N ′ + 1)− X2i =NN ′ + f0 = (f0 + t ′N)+N(N ′ − t ′) ∈ T (t).
This is essentially Wörmann’s proof for the archimedeanity of T (t) in case W(t) is
bounded.
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3. Improvements of the real representation theorem
There is one obvious way to get an improvement of the real representation theorem. In
fact, if the density condition (ii) already holds for an additively closed subsetM ofT, we ﬁnd
from (ii)′ that every a ∈ A, strictly positive on XT would already belong to M. Returning
to the case of Section 2, we would then get that a polynomial, strictly positive on W(t),
would already have a representation given by M.
In 1993, Putinar introduced in [16] the set
M(t)= A2 + t1A2 + · · · + trA2
and asked whether a polynomial f, strictly positive on W(t) already belonged toM(t). As
we shall see below this in fact holds whenM(t) is archimedean. However, it turns out that
boundedness of W(t) now is no longer sufﬁcient for M(t) to be archimedean. The reason
why it is so, is that M(t) no longer need to be a preordering. In fact, M(t) need not be
closed under multiplication.
In caseW(t) = ∅, the obvious properties ofM(t) are
M +M ⊂ M, A2M ⊂ M, 1 ∈ M, −1 /∈M .
Such a subset M of a commutative ring A with 1, will be called a quadratic module.
Although multiplicative closedness is missing for a quadratic module, many of the prop-
erties of preorderings still are valid. Such properties are e.g.
1. in case A is a ﬁnitely generated R-algebra, say A= R[x1, . . . xn], archimedianity of M
is equivalent to N −∑ni=1 x2i ∈ M for some N ∈ N;
2. if S is a maximal quadratic module, it satisﬁes in addition
(a) S ∪ −S = A,
(b) S ∩ −S is a prime ideal of A.
Such quadratic modules are called semiorderings;
3. if a ∈ A is strictly positive on the space YM of maximal semiorderings containing M
(i.e. a ∈ S\(−S) for all S ∈ YM ), then a = 1+  for some  ∈ A2 and  ∈ M;
4. if M is an archimedean quadratic module, then the spaces YM and XM coincide.
These results were obtained by T. Jacobi in his Ph.D. Thesis. His main result is (cf. [9]):
Jacobi’s Representation Theorem. Let A be a commutative ring with 1 and M ⊂ A
an archimedean quadratic module. Then the canonical representation map M : A →
C(XM,R) satisﬁes
(i) M(A) is dense in C(XM,R), and
(ii) aˆ0 on XM implies na + 1 ∈ M for all n ∈ N, or equivalently,
(ii′) aˆ > 0 on XM implies a ∈ M .
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The proof of this theorem is by far more difﬁcult than that of the real representation
theorem. The main reason is the absence of the multiplicative closedness of M.
Up to the representation theorem, the general theory of commutative rings A with a
quadratic module M very much parallels the case of preorderings T. Returning next to the
concrete case of the polynomial ring, we shall see how strong the condition of M being
archimedean is in reality.
4. Improvements for positive polynomials
We return to the situation of the polynomial ring
A= R[X] = R[X1, . . . , Xn]
in n variables. Recall that W(t) is the basic closed semi-algebraic set deﬁned in Section 2
by the polynomials t1, . . . , tr ∈ R[X]. By T (t) we denoted the preordering generated by
t1, . . . , tr . As already indicated, we set
M(t) := A2 + t1A2 + · · · + trA2.
This subset of T (t) is the quadratic module generated by t1, . . . , tr . To be more precise,
we should actually assume that −1 /∈ T (t) which is guaranteed byW(t) = ∅. Then clearly
also−1 /∈M(t). It should be mentioned here that−1 /∈M(t) need not implyW(t) = ∅, but
−1 /∈ T (t) does so (see [15, 4.2.13 and 5.5.7]).
IfM(t) is archimedean, sayN−∑ni=1X2i ∈ M(t), then as in Section 2,W(t) is contained
in a ball around the origin of Rn of radius
√
N . Now, however, the converse is no longer
true in general. This can be seen by the following example.
Let n = 2 and order all pairs  = (1, 2) ∈ N ×N lexicographically. Then every non-
zero polynomial g ∈ R[X1, X2] has a “highest” exponent, denoted by (g), and a “highest”
coefﬁcient, denoted by (g).
We now deﬁne a semiordering S ⊂ R[X1, X2] by the requirements
(a) 0 ∈ S
(b) g ∈ S if (g)> 0 and (g) /≡ (1, 1)mod2
(c) g ∈ S if (g)< 0 and (g) ≡ (1, 1)mod2.
One easily checks that S is a semiordering on A = R[X1, X2] such that S ∩ −S = {0}.
Clearly S is no ordering since X1, X2 ∈ S and X1X2 ∈ −S.
Finally, let t1 =X1, t2 =X2 and
t3 = 4− (X1 + 1)(X2 + 1).
The semi-algebraic set W(t) is non-empty and strictly contained in a circle of radius 4.
However, t1, t2, t3 ∈ M(t) ⊂ S while
N − (X21 +X22) /∈ S
for every N ∈ N. ThusM(t) cannot be archimedean.
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Nevertheless, it is possible to characterize the sequences t1, . . . , tr ∈ R[X] for which
M(t) is archimedean.
The following theorem (cf. [10], see also [15, 6.2]) gives a complete characterization.
Characterization Theorem. Let t1, . . . , tr ∈ R[X] =R[X1, . . . , Xn] and letW(t),M(t)
be as above. Assume that W(t) is non-empty and bounded. Then M(t) is archimedean if
and only if for all real prime ideals ℘ of A and every rank 1 valuation v : F℘ → R ∪ {∞}
of the quotient ﬁeld F℘ = Quot(A/℘), that has a real residue ﬁeld and for which at least
one Xi/℘ is inﬁnite (i.e. v(Xi/℘)< 0), the quadratic form
m〈1, t1/℘, . . . , tr/℘〉∗
is isotropic in the completion (F̂℘, v) for some m1.
By ∗ we denote the regular part of a diagonal quadratic form , i.e. we simply omit tj /℘
in case it is zero.
A sufﬁcient condition can be obtained from this theorem as follows. Denote by f˜ the
highest homogeneous part of the polynomial f ∈ R[X]. We then get [10]
Theorem (Jacobi–Prestel). Assume that t1, . . . , tr ∈ R[X], all of even degree or all of odd
degree. If for all a ∈ Rn\{0} we have
t˜1(a)< 0 or . . . or t˜r (a)< 0
then the quadratic moduleM(t) is archimedean.
Curiously, the proof for the odd case turns out to be considerably more difﬁcult than that
for the even case (see [15, 6.3]). One very prominent case to which this criterion applies
is that of a convex polyhedron, i.e., if t1, . . . , tr are all linear. Then the following theorem
holds [10].
Theorem (Jacobi–Prestel). Let t1, . . . , tr ∈ R[X] be linear and assume thatW(t) is non-
empty and bounded. Then every polynomial f ∈ R[X], strictly positive on W(t) has a
representation
f = 0 + t11 + · · · + trr
with 0, . . . ,r ∈ R[X]2.
Clearly, if we assume 0 ∈ W(t) and ti = li + i with li linear homogeneous and i ∈ R,
it follows that i0 for all ir . If now for every a ∈ Rn\{0}, all li (a)0, then all
ti (a)0. Hence, the half-line {	a|	> 0} would be contained inW(t). This contradicts the
boundedness ofW(t). Thus some t˜i (a)= li (a) is negative.
It should be noted that the above theorem extends Minkowski’s famous theorem from
linear optimization, saying that if f is also linear, we get a representation f = 0 + t11 +
· · · + trr with i ∈ R+.
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